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Universal Algebras of Hurwitz Numbers 
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ABSTRACT 



Infinite-dimensional universal Cardy-Frobenius algebra is constructed, which unifies all particular algebras of closed 
and open Hurwitz numbers and is closely related to the algebra of differential operators, familiar from the theory of 
' Generalized Kontsevich Model. 
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^ ! 1. Introduction. Classical Hurwitz numbers of complex algebraic curves generate a commutative 
Frobenius algebra A^, which is naturally isomorphic to the center of the group algebra of symmetric 
group §m ID E]- A natural extension is provided by Hurwitz numbers of seamed surfaces or foams 
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^ ■ |21 SI- These numbers determine a non-commutative Frobenius algebra and a homomorphism 
i (j)rn '■ Am Bm- This Set of data forms a Cardy-Frobenius algebra, which describes Klein topological 
field theories [5], [6]. In the present paper the infinite-dimensional algebras A, B are described which 
unify all the Hurwitz numbers algebras. The construction is based on representation of the group 
§oo in the algebra Ai of formal differential operators, made from the matrix elements or directly 
from gl{oo) generators, which has its own value. A4 is actually the regular representation of the 
universal enveloping algebra of gl{oo) and our B is a subset in A4, obtained by taking a kind of 
, operator "traces". The homomorphism (p : A Ai coincides with the representation of "cut-and- 
. join" operators constructed in [2j, which naturally appear in the theory of Kontsevich integrals [7]-|12j 
^ ' and form an associative algebra, isomorphic to the algebra of Sqo characters introduced in [2]. The 
simplest operators from B (in a different form) appeared in [TSj. It would be also interesting to find 
^ ' a place for the algebras from p3] in this context. 
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2. Operators. Let N denote the set of natural numbers (positive integers). Let Dab with 
O a, 6 G N be gl{oo) generators. They satisfy the commutation relation [Dab,Dcd] = SbcDad — SadDcb 
^ ' and can be conveniently represented in the regular representation by the differential operators 
Dab = Se=i -^aeg^, and we deuotc N = {1 . . . A^} C N. Introduce "balanced" operators 
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which form a basis in the universal enveloping algebra Ugl{oo). The second part of the formula is the 
explicit definition of the normal ordering in the first part. "Balanced" means that the number of X's 
is the same as the number of "momenta" d/dX. The algebra Ai consists of linear combinations of 
such balanced operators. The algebras A and B are formed by summation over free indices ai, . . . ,bm 
in two different ways. 

3. Algebra A. The group Soo is formed by the permutations in N, involving only the finite sets 
of numbers. Define a representation : §oo At, mapping cr G Sm into the sum 
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This operator depends only on the conjugation class of a (Young diagram Ag-) and it is the cut-and- 
join operator constructed in |2J. These operators form an associative commutative algebra A C M.. 

4. Two-fold graphs and algebra B. A graph (V^, i?, Vb) is called two-fold, if its vertices are 
divided into two sets Va and Vb, and all edges from E have one end in Va and another in Vb. A 
homeomorphism of graphs ip : (Va, E, Vb) {V^, E', V^) is called isomorphism if ipiVa) = (V^) and 
V^(H) = (KO- Denote through [{Va, E, Vb)] the isomorphism class of (Va, E, Vb). 

Let r = [{Va, E, Vb)]. Associate with every edge Ei E E a. pair of numbers (oj, bi) so that = aj, 
iff Ei and Ej have a common vertex in Va, while bi = bj iff Ei and Ej have a common vertex in 
Vb. We call the corresponding operator Vai...am\bi...bm with m = compatible with F. Then, as a 

straightforward generalization of the above definition of W^[cr], denote through V(r) G Ai a sum over 
{ai, . . . ,bm} of all operators, compatible with F, with certain normalization factor c{r\N). Denote 
through B the associative but non-commutative algebra formed by all the operators V(r). 

Let Bm be the set of isomorphism classes of the two-fold graphs with m edges. The associated 
vector space B^ has a natural structure of Frobenius algebra, see s.2.3 of The product of classes 
F^ = [{Va, E^, V^)] and F^ = [{V^, E'^, V^)] is a linear combination of classes F, consisting of graphs 
of the form {Va, E, V^) obtained by identification of vertices of the same valence from Vf^ and V^ and 
gluing together the attached edges from E^ and E"^. The structure constants in F^F^ = X^r^rira-'^ 
take graphs automorphisms into account. As generalization of a similar statement [2] for A we have: 

Theorem. The structure constants of the algebra B, V(F^)V(F^) = Xlree ^v(ri)v(r2)"'^(-'^)' 
tain the structure constants of all Bm in, the following sense: lim7v->oo Cv(ri)V(r2) ~ C*pip2, provided 
\r'^\ = |F^| = |F| = m. The structure constants of A are independent of N. 
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